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Abstract
In this paper we study the Statefinder and Om(x) diagnoses of an exact solution of a unified dis-
sipative dark matter model in the framework the Israel-Stewart theory and its non linear extension,
considering the condition of positive entropy production. The implementation of two diagnoses in
the pair of solutions reveal that both solutions can emulate the ΛCDM model at some stage of
the cosmic evolution and behave as quintessence dark energy. The stability of both solutions is
discussed from the point of view of the Liapunov’s method, showing that they are asymptotic sta-
ble. Additionally we show that the solutions are also stable under small perturbations. A simple
analysis of the solutions with the use of observational data suggests that the non linear regime
could lead to a inconsistencies-free scenario, i.e., in agreement with the bounds obtained from the
perturbative analysis for the velocity of bulk viscous perturbations.
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I. INTRODUCTION
The current picture of the universe is inconceivable without a dark component which
leads to an accelerated cosmic expansion. The first attempt to explain this phenomenon
motivated the introduction of the cosmological constant in Einstein’s equations. This
simple and elegant solution works but it faces some other problems, such as, for example,
non interacting dark energy and some thermodynamics inconsistencies [1, 2], among others.
This was a clear indication that dynamical models for this dark component were necessary.
Within the Einstein framework this means that this component can be thought-out as a
generic dynamical fluid with a given EoS, relating the pressure with the energy density.
However, the intrinsic nature of this dark component is still unknown despite the great
advances made in observational cosmology. Recent results show that for a barotropic EoS,
p = ωρ, this component could have a ω parameter situated between the quintessence and
phantom regimes [3].
Going beyond the standard cosmological model to describe the dark energy problem
can be a difficult task, but an interesting approach for this problem is given by the
inclusion of causal dissipative effects (bulk viscosity) in the fluid description [4, 5]. Several
works demonstrate that the aforementioned effects play a relevant role at late times of
cosmic evolution and even more, are capable to describe a phantom cosmology under some
assumptions [6–9], or they can be used to solve some problems of the phantom regime [10].
An interesting work on dissipative cosmology can be found in Ref. [11], where the
authors found that when these effects are coupled to the gravitational sector the causal
structure of the theory can be maintained without invoke the near equilibrium condition
or a specific EoS, besides is the first work that establishes the initial-value problem in the
context of viscous fluids, this formulation represents an important ingredient to perform
numerical simulations. This last result could provide a way to assert or discard the findings
of Ref. [12], where was claimed that bulk viscosity could contribute significantly to the
emission of gravitational waves in neutron star mergers. Some other results can be found
in Refs. [13, 14], where the role of bulk viscosity is studied in other contexts such as the
radial oscillation of relativistic stars and the cosmological implications for universes filled
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with Quark-Gluon plasma.
On the other hand, recent studies show that bulk viscous cosmologies are not ruled
out by the observational data at all. In fact, in Ref. [15] the bulk viscosity effects
were tested with the combination of data coming from CMB, Supernovae Type Ia and
Hubble parameter measurements (OHD). This complete study shows that the parameter
that characterizes the viscosity must be non-zero and, in addition, the results obtained
seem to relieve the current tension in the estimation of the value for the Hubble pa-
rameter at present time, generally denoted as H0. Somehow this seems to be consistent
with the results of Ref. [16], where was proposed that the H0 tension might be resolved
in the context of a new theory and consists in the annexation of an extra form of dark energy.
Our aim in this paper is to study some different aspects of an exact solution previously
found in the Israel-Stewart approach for an unified model of dissipative dark matter [17].
Since no other fluid was included in order to obtain this solution, it is suitable only to
describe the late time evolution. Furthermore, accelerated expansion can be described
within a range of the parameters of the model for a pressureless dark matter fluid, which
are compatible with OHD and SNIa data. Nevertheless, this compatibility implies a very
high value for the non adiabatic contribution to the speed of sound within the fluid,
implying a violation of the near equilibrium condition and leading to drawbacks with the
structure formation. As we will discuss later, the near equilibrium condition can be relaxed
by considering a non linear extension of the Israel-Stewart model. In this description
high values in the non adiabatic contribution to the speed of sound can be allowed, and
it is also possible to visualize, by means of a simple analysis with the use of Hubble
parameter measurements, that the non-linear regime allows us to have values that could
be in agreement with the bounds found for the non adiabatic contribution to the speed of
sound in the perturbative regime. On the other hand, in this work we focus on the positive
entropy production case for the non linear extension, within a simplified version of the full
theory. Therefore, the consideration of the full theory could reveal some other different
aspects from those obtained here.
This work is organized as follows: In Section II we provide a brief description of the Israel-
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Stewart model and discuss some properties of a exact solution for the Hubble parameter
found previously in this framework, we also consider the extension of the exact solution to a
non linear regime of dissipative cosmology, we focus on the Statefinder and Om(x) diagnoses
of the pair of solutions. In Section III we discuss the stability of both solutions by means
of the Liapunov’s method and comment some of the consequences in the model when the
asymptotic stability is fulfilled. In Section IV we give the final comments of our work. The
Appendix A is devoted to a concise discussion about the implementation of a simple analysis
for the fit of the parameters involved in the two solutions with the use of data.
II. PRELIMINARIES OF ISRAEL-STEWART MODEL
In the Israel-Stewart’s framework the Hubble parameter obeys the following transport
equation [9, 18]
H¨ +
[
3H(1 + ω) +
∆
2
]
H˙ +
9
2
(1− ω2)
{
(1 + ω)
3sξ0
H1−2s − 1
}
H3+
+
(1− ω2)
3s−1ξ0
H˙H2(1−s) +
3
4
(1 + ω)∆H2 = 0, (1)
where the dot denotes derivatives with respect to the cosmic time. Some remarks are
in order:  is a constant parameter. The bulk viscosity coefficient, ξ has been chosen of
the form ξ0ρ
s, being ξ0 a constant and s an arbitrary real parameter. In an scenario of a
universe with viscous dark matter and a cosmological constant (see for instance the Ref.
[19]), de Sitter like solutions are allowed by the model for s > 0 and s < 0. Although the
above election of the bulk viscosity is widely used it is arbitrary. Its important advantage
consist in the simplification of Eq. (1) in order to integrate it, specially the case s = 1/2,
as we will discuss below.
In our description we will consider a barotropic equation of state, p = ωρ, and for
causality condition we have the following restrictions for the parameters ω and : 0 ≤ ω < 1
and 0 <  ≤ 1, therefore the relaxation time is given as follows [20]
τ =
ξ0
(1− ω2)ρ
s−1, (2)
which is the adequate expression when the bulk viscous perturbations are considered, the
previous equation for the relaxation time corrects the relation, ξ/ρτ = 1, which is considered
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in several works, ρ is the energy density of the viscous fluid and obeys the continuity equation
ρ˙+3H[(1+ω)ρ+Π] = 0, being Π the viscous pressure. If we consider a FLRW geometry, the
energy density can be written in terms of the Hubble parameter by means of the Friedmann
equation as follows, 3H2 = ρ. Also note that if we consider the acceleration equation
H˙ +H2 = −[ρ+ 3(p+ Π)]/6, then we can obtain the explicit form of the dissipation term,
Π = −2H˙−3H2(1+ω). Besides, we say we have the full Israel-Stewart theory if the viscous
pressure obeys the following equation [4]
τ Π˙ +
(
1 +
1
2
τ∆
)
Π = −3ξ(ρ)H. (3)
In the limit, τ → 0, we have the truncated Israel-Stewart (non-causal) model, this latter
case is not considered in this work. On the other hand, we have the following definition
∆ := 3H +
τ˙
τ
− T˙
T
− ξ˙
ξ
, (4)
being T the barotropic temperature, which is generally written as, T = T0(ρ/ρ0)
ω/(1+ω),
by means of the Gibbs integrability condition and T0 is the value of the temperature when
ρ = ρ0. Without loss of generality we can consider s = 1/2, see for instance Refs. [8, 9, 18]
where some aspects of the observed universe such as phantom regime and/or accelerated
cosmic expansion were studied in the framework of viscous cosmology, therefore the Eq. (1)
becomes
H¨ + b1HH˙ − βH−1H˙2 + b2H3 = 0, (5)
where the Eqs. (2) and (4) together with the continuity equation for the energy density,
the barotropic temperature and bulk viscosity coefficient given previously were used. For
simplicity in the notation we have defined the following constant coefficients
b1 = 3
{
1 +
 (1− ω2)√
3ξ0
}
, b2 =
9
4
(1+ω)
{
1− 2(1− ω) + 2(1− ω
2)√
3ξ0
}
and β =
(1 + 2ω)
(1 + ω)
.
(6)
It is worthy to mention that if we consider the limit case ω = 0 in the differential equation
written in (5), we obtain the non-relativistic matter case (γ = 1) explored in Ref. [21],
where the form of the barotropic equation of state is p = (γ− 1)ρ, also under this limit case
in our description the relaxation time (2) becomes τ = ξ0ρ
−1/2/, which differs from the one
considered in [21].
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A. Exact solution and its extension to a non linear regime
In the following we will provide some generalities of the exact solution found in Ref. [17].
We refer the reader to the aforementioned reference to see more technical details about the
solution. By introducing the change of variable, x = ln(a/a0) in Eq. (5), where a0 is the
value for the scale factor at which the Hubble parameter becomes H0, one gets
d2H
dx2
+ b1
dH
dx
+
1− β
H
(
dH
dx
)2
+ b2H = 0. (7)
Solving the previous equation we obtain for the Hubble parameter
H = c1
(
a
a0
)b1/(2β−4)
2−β
√
cos
[
1
2
(
c2 − ln
(
a
a0
))√
−{b21 + 4b2 (β − 2)}
]
, (8)
where c1 and c2 are integration constants. It is important to point out that using the identity
cos z = cosh iz, the previous expression can be rearranged as follows
H(a) = c1
(
a
a0
)− 3
2
(1+ω)
[√
3ξ0+(1−ω2)√
3ξ0
]
×
× cosh1+ω
[√
3
2ξ0
c2
(
1− 1
c2
ln
(
a
a0
))√
6ξ20(1− ω) + (1− ω2)2
]
, (9)
where we have considered that b21 + 4b2 (β − 2) > 0 since 0 ≤ ω < 1, 0 <  ≤ 1 and ξ0 > 0.
From the conditions for the Hubble parameter H(a0) = H0 and its derivative H
′(a0), where
the prime denotes derivative with respect to the scale factor, we can obtain the specific form
of the integration constants c1 and c2, which are given as follows
1
c1 = H0 cosh
−(1+ω)
[
arctanh
(
2ξ0(1 + q0)−
√
3(1 + ω)(1− ω2)− 3ξ0(1 + ω)√
3(1 + ω)
√
6ξ20(1− ω) + (1− ω2)2
)]
,
c2 =
2ξ0√
3
√
6ξ20(1− ω) + (1− ω2)2
arctanh
[
2ξ0(1 + q0)−
√
3(1 + ω)(1− ω2)− 3ξ0(1 + ω)√
3(1 + ω)
√
6ξ20(1− ω) + (1− ω2)2
]
.
As can be seen from the previous results, it is worthy to mention that the integration
constants c1 and c2 can be written in terms of the present time values of the cosmological
Hubble parameter, H0, and the deceleration parameter, q0. According to the latest Planck
results, H0 = 67.4± 0.5(km/s)Mpc−1 and Ωm,0 = 0.315± 0.007 [3], therefore for the present
1 The scale factor derivative of the Hubble parameter can be related to the deceleration parameter through
the relation dHda = −(1 + q)Ha .
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time deceleration parameter we will consider the interval, −0.538 ≤ q0 ≤ −0.517, which can
be obtained from the expression, q(z) = −1 + 3/2[1 + (ΩΛ,0/Ωm,0)(1 + z)−3]−1, provided by
the ΛCDM model. On the other hand, given that arctanh(−1, 1) → (−∞,+∞), we must
consider the following constraints for the parameters involved
1
2
− 3√
2
< q0 < −1
2
, (10a)
ξ0 >
2
√
3− 4√3q0
17− 4q20 + 4q0
, (10b)
4q20ξ0 − 4q0ξ0 + ξ0
4
√
3q0 + 18ξ0 − 2
√
3
<  ≤ 1, (10c)
where we have considered ω = 0 in order to perform a comparison with the ΛCDM model.
Notice that both parameters ξ0 and  are constrained in terms of the present value of the
deceleration parameter, q0.
In Ref. [22] some aspects of the solution (9) were studied. The Israel-Stewart model is
based on the assumption that only small deviations from equilibrium are permitted. This
implies that we must have a rapid adjustment to the cooling caused by the cosmic expansion,
i.e., τH  1, which can be seen from Eq. (2). However, by using Supernovae Type Ia data
some drawbacks in the model were found, according to the analysis performed in [22]. In
order to have late times cosmic expansion, the best fit of the parameters imdicates that
ξ0  1 together with ω 6= 0. Therefore the rapid adjustment condition is lost. As found in
[23], the condition, ω 6= 0, is only consistent to describe the cosmic inflationary stage when
dissipative effects are considered. Nevertheless, the dissipative processes are not restricted
to the near equilibrium condition mentioned before, in Ref. [24] was introduced a non linear
extension of the Israel-Stewart model, i.e., large deviations from equilibrium are allowed. In
this case the transport equation for the viscous pressure given in (3) transforms into
τ Π˙
(
1 +
τ∗
ξ(ρ)
Π
)
+
[
1 +
1
2
τ∆
(
1 +
τ∗
ξ(ρ)
Π
)
+ 3τ∗H
]
Π = −3ξ(ρ)H, (11)
where τ∗ ≥ 0 characterizes the time scale for the non linear effects, in general τ∗ = k2τ , then
for k = 0 we recover the non truncated Israel-Stewart model. Using the transport equation
(11), together with a FLRW geometry and repeating the procedure as done previously for
the Israel-Stewart model, we arrive to a more complicated second order differential equation
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for the Hubble parameter [8, 24][
1− k
2
v2
−
(
2k2
3(1 + ω)v2
)
H˙
H2
]{
H¨ + 3HH˙ +
(
1− 2(1 + ω)
(1 + ω)
)
H˙2
H
+
9
4
(1 + ω)H3
}
+
3(1 + ω)v2
2
√
3ξ0
[
1 +
( √
3ξ0k
2
(1 + ω)v2
)
H2s−1
]
H2(1−s)(2H˙ + 3(1 + ω)H2)− 9
2
(1 + ω)v2H3 = 0.
(12)
We will identify the previous equation as full non linear regime. On the other hand, by
considering the special case, s = 1/2, in Ref. [25] was found that for models with barotropic
temperature the term, H˙/H2, appearing in the differential equation (12) must be bounded
together with k2 < 1 in order to have a positive entropy production, under these assumptions
the resulting second order differential equation for H at first order in k2 takes the same
structure of the Eq. (5), but in this case the constant coefficients b1, b2 and β are redefined
as follows
bˆ1 = b1 + 2
√
3
k2(1 + ω)
ξ0
, (13)
βˆ = β − 2k
2
√
3ξ0
, (14)
bˆ2 = b2 +
3
√
3
2
k2(1 + ω)2
ξ0
. (15)
Therefore, the solution for the Hubble parameter in this non linear regime will have the
same mathematical structure of solution given in (9), but will describe dissipative processes
far from equilibrium. In Appendix A some other details about the exact solution in the
Israel-Stewart and non linear regimes can be found.
B. The Statefinder and Om(x) diagnoses
In Ref. [26] was introduced a diagnosis that allows us to distinguish between different
dark energy models with a given parameter state and their closeness/remoteness with the
ΛCDM model. This diagnosis must be done by using the Statefinder pair {r, s}, where
r =
...
a
aH3
, and s =
2(r − 1)
3(2q − 1) , (16)
being q the deceleration parameter and r it is also known as jerk parameter. The jerk
parameter can be written in terms of q and the redshift as follows [27]
r(q) = (1 + 2q)q + (1 + z)
dq
dz
, (17)
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where the standard definition for the redshift, 1 + z = a0/a, and the deceleration parameter
given by the expression, 1 + q = −H˙/H2, were used, as can be seen the corresponding non
linear extension of the solution (9) can be written in terms of the redshift straightforwardly.
In this analysis some trajectories in the s− r plane must be obtained and different models
will exhibit different trajectories, the fixed point (0, 1) will correspond to the spatially flat
ΛCDM model.
0.05 0.10 0.15 0.20 0.25 0.30
s(z)
0.2
0.4
0.6
0.8
1.0
1.2
r (z) ΛCDM
FIG. 1: Trajectories in the s − r plane using the Hubble parameter solution obtained in a non
linear extension of the Israel-Stewart model with k = 0.01.
In Fig. (1) we show the behavior of the trajectories in the s − r plane for the non
linear extension of the viscous solution (9) in the interval −1 ≤ z ≤ 5, with ω = 0
together with the conditions given in (10a)-(10c) for the parameters of the model. The
trajectory represented by the solid line was obtained by considering the values q0 = −0.517,
ξ0 > 0.508 and 0.988722 <  ≤ 1 and the dashed line corresponds to the values q0 = −0.538,
ξ0 > 0.5253 and 0.9728 <  ≤ 1. As can be seen from the previous plot, the trajectory of
the model passes through the fixed point (0, 1) in the s− r plane, i.e., at some stage of the
cosmic evolution the viscous model behaves as the ΛCDM model. A similar behavior as the
one shown in Fig. (1) can be obtained when the solution (9) is taken into account. Note
that the trajectories in the s− r plane for the viscous solutions are far from the fixed point
(1, 1) which corresponds to an ordinary matter dominated universe [28], this means that
both solutions are more appropriate to describe the late times behavior of the universe.
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Although the Statefinder diagnosis can reveal how far or close is any dark energy model
from the ΛCDM model, does not provide information about the nature of the expanding
fluid. In Ref. [29] was introduced the Om(x) diagnosis, which resolves the aforementioned
issue. This analysis starts from a given Hubble parameter
Om(x) :=
E2(x)− 1
x3 − 1 , where x = 1 + z, (18)
being E(x) the normalized Hubble parameter, E(x) := H(x)/H0. For a spatially flat uni-
verse with constant parameter state, ω, we have
E2(x) = Ωm,0x
3 + (1− Ωm,0)x3(1+ω), (19)
therefore in this case one gets
Om(x) = Ωm,0 + (1− Ωm,0)x
3(1+ω) − 1
x3 − 1 , (20)
and from the last expression can be found that only in the ΛCDM model the following
condition results, Om(x) = Ωm,0. Then, the value of the Om(x) quantity at two different
redshifts can reveal the nature of the dark energy model with no need of the values
of the density parameter Ωm,0 and the Hubble constant. By considering x1 < x2 and
Om(x1, x2) = Om(x1) − Om(x2), three cases can be obtained: if Om(x1, x2) = 0, we say
that the dark energy model is a cosmological constant, Om(x1, x2) > 0 for quintessence and
Om(x1, x2) < 0 for phantom.
In the left panel of Fig. (2) we show the behavior of Om(x) with the viscous solution
(9) and the right panel corresponds to its non linear regime extension, in both plots the
solid line was obtained with the values q0 = −0.517, ξ0 > 0.508, 0.988722 <  ≤ 1 and the
dashed line corresponds to the values q0 = −0.538, ξ0 > 0.5253 and 0.9728 <  ≤ 1, the
region between the horizontal lines characterizes the ΛCDM model.
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FIG. 2: Behavior of the Om(x) quantity for the viscous solution (9) (left panel) and its behavior
in a non linear regime, k = 0.01, (right panel).
As can be seen in the left panel, the viscous solution (9) coincides with the cosmological
constant model at present time, x = 1, while the coincidence of the non linear solution
with the ΛCDM model takes place a little bit after (future), as shown on the right panel.
These results are in agreement with the Statefinder diagnosis. In both cases we always
have Om(x1, x2) > 0, then the viscous solution (9) and its non linear extension behave
as a quintessence fluid. In Ref. [18] was also obtained within the Israel-Stewart model
that the viscous fluid can behave as quintessence dark energy. However, in such study the
corresponding solution for the Hubble parameter differs from the one presented here since
admits a Big Bang singularity, i.e., the curvature scalar becomes singular for a = 0.
III. STABILITY OF (NON LINEAR) ISRAEL-STEWART MODEL
In this section we will explore the stability of the differential equation written in Eq. (5)
by means of the Liapunov’s direct method, also known as second method. This procedure
depends on the construction of a particular type of function, LF , from which the stability
or instability of the system can be determined. As can be seen, the Eq. (5) can be written
in equivalent form as follows [30, 31]
dLF
dt
= βH−1H˙3 − b1HH˙2, (21)
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where we have defined LF as the Liapunov function given by the total energy of the system
[32],
LF :=
1
2
H˙2 + V (H) =
1
2
H˙2 +
b2
4
H4, (22)
the quartic potential has a global minimum at H = 0. The Liapunov’s method establishes
the following: If a Liapunov function exists that is positive definite, and whose time deriva-
tive is negative definite, then the solution of the equation (5) is asymptotically stable2 [32, 33].
From the previous statement the asymptotic stability condition can be obtained from the
Eq. (21), yielding
βH−1H˙3 − b1HH˙2 < 0. (23)
This latter condition can be satisfied always that
q > −
{
1 +
1 + ω
1 + 2ω
[
3 +
√
3(1− ω2)
ξ0
]}
, (24)
where q is the deceleration parameter. The asymptotic stability condition for the non linear
regime considered in this work reads
βˆH−1H˙3 − bˆ1HH˙2 < 0, (25)
which can be written in equivalent form as follows
q > −
{
1 +
3(1 + ω)
{
3ξ0 +
√
3(1 + ω) [(1− ω) + 2k2]}
3ξ0(1 + 2ω)− 2
√
3k2(1 + ω)
}
, (26)
where in the limit, k2 → 0, we obtain the stability condition given in (24), some comments
are in order, the r.h.s. of Eqs. (24) and (26) is always less than −1 independently of
the values of the parameters ξ0, , ω and k. If we appeal to the fact that both solutions
considered in this work behave as quintessence and at some stage of the cosmic evolution
coincide with the cosmological constant model therefore we have, q ≥ −1, then the
asymptotic stability of the solution is always guaranteed.
This behavior has important consequences. If we interpret the Liapunov function as the
energy of the model the asymptotic stability assures that the model evolves to a final state
with some given energy, this is a future attractor behavior to which any other solution of
2 If the time derivative of the Liapunov function is nonpositive we say that the solution is only stable.
12
the model will converge, see for instance the Ref. [34] where was determined the existence of
future attractors in the Israel-Stewart model by a qualitative analysis. On the other hand,
once the asymptotic stability is fulfilled we can say that trajectories in the phase space of
the model will be always closed.
A. Linear stability
In this section we inspect the linear stability of the solution (9) as well as of its non linear
extension, for this purpose we will consider in Eq. (7) a small perturbation given as follows
[18, 23]
Hp(x) = H(x)(1 + h(x)), (27)
where x is the variable defined previously as x := ln(a/a0) and the perturbation must
satisfy the condition, h(x)  1, together with its derivatives for consistency. After
a straightforward calculation we can obtain a second order differential equation for the
perturbation. In Fig. (3) we show the numerical results for the behavior of the perturbation,
h(x); as can be seen in both panels the obtained results are shown from the present time,
i.e., a = a0 or x = 0, to the future.
The upper panel corresponds to the perturbation of solution (9) and the lower panel
corresponds to the non linear extension considered in this work; both panels were obtained
with the set of values q0 = −0.517, ξ0 > 0.508 and 0.988722 <  ≤ 1 (blue solid lines) and the
black dashed lines correspond to the values q0 = −0.538, ξ0 > 0.5253 and 0.9728 <  ≤ 1. In
both cases as the universe evolves towards the future the perturbation oscillates but keeps
a small amplitude, in the Israel-Stewart model this perturbation eventually vanishes and in
the non linear case studied here the perturbation tends to a constant small value, therefore
we can say that both solutions are stable at linear order under a small perturbation. If we
demand linear stability for the non linear case, the value of the parameter k must be small,
the plots shown in the lower panel were obtained with k = 10−6. Some variations in the
behavior of the perturbation can be obtained if we consider different initial conditions for
h(x). However, the linear stability of both solutions is fulfilled.
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FIG. 3: Behavior of the perturbation, h, as a function of the variable x.
IV. DISCUSSION AND FINAL REMARKS
In this work we studied some different aspects of an exact solution found previ-
ously in Ref. [17]; we noticed that such solution can be extended to a non linear
regime of the Israel-Stewart model introduced by Maartens and Me´ndez in Ref. [24]
under the assumption of positive entropy production, as discussed in Ref. [25]. Through
out this work we setted, ω = 0, in both solutions in order to compare with the ΛCDM model.
By implementing the Statefinder diagnosis we identified that at some stage of the cosmic
evolution the exact solution can behave as the ΛCDM model and it is far from the fixed
point (1, 1) in the s− r plane, which characterizes an ordinary matter dominated universe;
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this was also obtained in its non linear extension. These results are in agreement with a
second diagnosis known simply as Om(x). This latter diagnosis revealed that in a non
linear regime the solution will behave as the ΛCDM model in the near future whereas in
the context of the Israel-Stewart portrait such coincidence with the ΛCDM model occurs at
the present time, besides, the Om(x) diagnosis unveiled that the pair of solutions studied
behave as a quintessence fluid, i.e., the solution can be appropriate to describe the late
times behavior of the universe.
An interesting feature of the solutions was exposed by the implementation of the
Liapunov’s method for the differential equation (5), both solutions are asymptotic stable
and this is independent of the values of the parameters (ξ0, ω, , k). As found previously,
the time derivative of the Liapunov function can be expressed in terms of the deceleration
parameter and the stability condition leads to, q ' −1, given that the solutions behave as
quintessence we always have, q ≥ −1, therefore the asymptotic stability is fulfilled. This
guarantees the existence of an attractor to which any solution of the differential equation
(5) will converge. Besides, both solutions are linearly stable under small perturbations.
However, in the non linear extension considered in this work we must demand k  1
to maintain the linear stability, this does not represent a contradiction with the results
obtained from the Liapunov’s method.
Finally, as found in Ref. [22], by considering Hubble parameter measurements data we
obtained that the best fit of the parameters for the exact solution leads to some inconsis-
tencies since the value of the ξ0 parameter is large, this contradicts the near equilibrium
condition and other important demands. Some comments regarding this point are in order:
the linear relaxation time written in Eq. (2) can be expressed as
c2b =
ξ
(ρ+ p)τ
, (28)
where c2b is the (non adiabatic) speed of bulk viscous perturbations and it is a characteristic
parameter of any causal theory, besides v2 = c2s + c
2
b ≤ 1 for causality condition, where v is
the speed of sound in the dissipative fluid and c2s is the adiabatic contribution, the expression
(28) holds also in the case of a non linear extension of the Israel-Stewart model. Under the
Bardeen gauge invariant formalism for perturbations method in the Israel-Stewart model
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and assuming a plane wave expansion, i.e., Φ ∝ exp(ik · x), one gets the following system
of coupled equations for the gravitational potential
Φaa +
(
4
a
+
Ha
H
)
Φa +
(
1
a2
+
2Ha
aH
)
Φ =
3
2a2
(
δΠ
ρ
)
, (29)(
δΠ
ρ
)
a
= f(c2b ,H,Φ,Φa), (30)
where the subscript denotes derivatives with respect to the scale factor, H is the Hubble
parameter obtained with the use of the conformal time and δΠ is the perturbed bulk viscous
contribution. In general the function f(c2b ,H,Φ,Φa) can take a cumbersome form and this
fact depends on the election of Π, for a vanishing r.h.s. of Eq. (29) the ΛCDM model is
recovered.
Numerical results obtained from the system (29)-(30) show that in order to regain
the ΛCDM dynamics the velocity of bulk viscous perturbations must be in the range
10−11  c2b . 10−8. However, at low redshifts and small scales the viscous theory differs
from the ΛCDM model, this implies that the CMB power spectrum obtained in viscous
cosmologies deviates from the one furnished by the ΛCDM model, which provides a reliable
description of such spectrum. Therefore the corresponding properties associated to dark
energy and dark matter can not be described by a single dissipative fluid, a complete analy-
sis of these results can be found in Ref. [35]. Despite all the aforementioned issues, it seems
that some of these pathologies could be alleviated if we consider a non linear extension of the
solution, the values obtained for the parameters (ξ0, ) in the Appendix for the non linear
case suggest that a refined statistical analysis must be done but now considering an exact
solution coming from the full non linear regime. This latter point will be discussed elsewhere.
In summary, the problems that arise in the standard viscous scheme could be partially
solved by extending the model to a non linear regime. Also, the investigation of other
elections for the bulk viscous coefficient, ξ, may help to overcome them. Although the
barotropic form, ξ = ξ0ρ
s, is widely used in the literature and approximates the physical
form of ξ studied in certain fluids as found in Ref. [36], is still an Ansatz introduced for
mathematical simplicity. As mentioned in Ref. [20], the adequate expression to link the
quantities ξ and τ is given by the Eq. (28) with constant cb. The barotropic assumptions,
ξ ∝ ρs and τ ∝ ρs−1 (as given in Eq. (2)) represent consistent thermodynamic equations of
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state but as discussed before these elections lead to contradictory physical scenarios. Other
elections for the bulk coefficient has been discussed in [37], where the authors proposed
a bulk viscosity with hyperbolic dependence in the energy density of the viscous fluid, in
such way that the viscous effects become important in late acceleration phase and are not
important in the time of recombination. In the framework of Eckart’s theory this model
was fitted using the latest cosmological data of the Hubble parameter (OHD) and SNIa
distances at the background level [38]. This model, nevertheless, is unsupported by the
observational data when is compared with ΛCDM.
It remains as an open question if the exploration of viscous fluids in full causal thermody-
namics, including more general expression for the bulk viscosity, could lead to cosmological
models alternatives to ΛCDM.
Acknowledgments
M.C. acknowledges the hospitality of the Instituto de F´ısica of PUCV and Departamento
de F´ısica of USACH, where part of this work was done. This work has been supported
by S.N.I. (CONACyT-Me´xico) and PFCE-2019 (M. C.) and by the Universidad de Santi-
ago de Chile, USACH, through Proyecto DICYT N◦ 041831CM (N. C.), Vicerrector´ıa de
Investigacio´n, Desarrollo e Innovacio´n.
Appendix A: The Hubble parameter and data
In this appendix we will discuss some features of the viscous solution given in Eq. (9) and
its non linear extension with the use of observational data. The data used for this purpose
was taken from Refs. [39, 40], which corresponds to the Hubble parameter measurements
with Supernovae Type Ia and Baryon Acoustic Oscillations observations. In Fig. (4) for
both panels the blue solid line represents the theoretical Hubble parameter adjusted from
(9) with ω = 0, the right panel shows the predictions of the model in the 68%, 95% and
99% of confidence levels bands.
In Fig. (5) we perform a comparison between the adjusted Hubble parameter in the
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FIG. 4: The Hubble parameter (solid line) in the Israel-Stewart model and measurements of H(z)
coming from data.
Israel-Stewart model (dashed line) and the ΛCDM model (region between the solid lines).
Note that the main difference is given at the future, while the Hubble parameter in the
ΛCDM model tends to the value, H0
√
ΩΛ,0, in the Israel-Stewart model goes to zero (no
future singularity). However, as found in Ref. [22] the best fit for the parameter ξ0 is
considerably large, in this case ξ0 = 4.25×1013 and  = 0.374; therefore the near equilibrium
condition can not be satisfied.
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FIG. 5: Theoretical Hubble parameter in the Israel-Stewart model vs the ΛCDM model Hubble
parameter.
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On the other hand, if we consider the extension of solution (9) to a non linear regime we
obtain the following best fit for the parameters of the model: ξ0 = 2.13×10−2,  = 1.18×10−5
and k = 266.313. Note that this is contrary to the initial assumption for a non linear
regime given in Ref. [25] and also considered in this work, but the results are consistent
with the far equilibrium condition. It is clear that the extension to a non linear regime has
a direct incidence on the values of the parameters ξ0 and . Maybe the adjustment of a
Hubble parameter obtained from the complete transport equation of the non linear regime
will provide more consistent values for the parameters involved.
An interesting characteristic of the adjusted Hubble parameter in the non linear regime
studied in this work is given by its damped oscillatory behavior from past to future. In the
literature can be found that this kind of periodic universe can be thought-out as a unified
model since the transition from the decelerated to accelerated stage (or vice versa) is smooth
and can be explained in simple manner by the oscillatory behavior in the Hubble parameter
[41–43], it is worthy to mention that in this case the damped oscillation in the Hubble
parameter also avoids a future singularity.
[1] B. Wang, E. Abdalla, F. Atrio-Barandela and D. Pavo´n, Rept. Prog. Phys. 79, 096901 (2016).
[2] V. H. Ca´rdenas, D. Grando´n and S. Lepe, Eur. Phys. J. C 79, 357 (2019).
[3] N. Aghanim, et al. (Planck Collaboration), arXiv:1807.06209 [astro-ph.CO].
[4] W. Israel and J. M. Stewart, Ann. Phys. 118, 341 (1979).
[5] W. Israel, Ann. Phys. 100, 310 (1976); W. Zimdahl, Mon. Not. R. Astron. Soc. 280, 1239
(1996); D. Pavo´n, Class. Quantum Grav. 7, 487 (1990); L. P. Chimento and A. S. Jakubi,
Class. Quantum Grav. 10, 2047 (1993).
[6] M. Cataldo, N. Cruz and S. Lepe, Phys. Lett. B 619, 5 (2005).
[7] M. M. Disconzi, T. W. Kephart and R. J. Scherrer, Phys. Rev. D 91, 043532 (2015).
[8] M. Cruz, N. Cruz and S. Lepe, Phys. Lett. B 769, 159 (2017).
3 This set of fitted parameters is not unique, the values of the fitted parameters can have slight variations
and this depend on the parameters H0 and q0 used.
19
[9] N. Cruz and S. Lepe, Phys. Lett. B 767, 103 (2017).
[10] M. Cruz, S. Lepe and S. D. Odintsov, Phys. Rev. D 98, 083515 (2018).
[11] F. S. Bemfica, M. M. Disconzi and J. Noronha, Phys. Rev. Lett. 122, 221602 (2019).
[12] M. G. Alford, L. Bovard, M. Hanauske, L. Rezzolla, and K. Schwenzer, Phys. Rev. Lett. 120,
041101 (2018).
[13] D. Barta, Class. Quantum Grav. 36, 215012 (2019).
[14] S. Bravo-Medina, M. Nowakowski and D. Batic, Class. Quantum Grav. 36, 215002 (2019).
[15] W. Yang, S. Pan, E. Di Valentino, A. Paliathanasis and J. Lu, arXiv:1906.04162 [astro-ph.CO].
[16] V. Poulin, T. L. Smith, T. Karwal, and M. Kamionkowski, Phys. Rev. Lett. 122, 221301
(2019).
[17] N. Cruz, E. Gonza´lez and G. Palma, arXiv:1812.05009 [gr-qc].
[18] M. Cruz, N. Cruz and S. Lepe, Phys. Rev. D 96, 124020 (2017).
[19] N. Cruz, E. Gonza´lez, S. Lepe and D. Sa´ez-Chillo´n Go´mez, J. Cosmol. Astropart. Phys. 12,
017 (2018).
[20] R. Maartens, arXiv:astro-ph/9609119.
[21] N. D. Jerin Mohan, A. Sasidharan and T. K. Mathew, Eur. Phys. J. C 77, 849 (2017).
[22] N. Cruz, E. Gonza´lez and G. Palma, arXiv:1906.04570 [gr-qc].
[23] R. Maartens, Class. Quantum Grav. 12, 1455 (1995).
[24] R. Maartens and V. Me´ndez, Phys. Rev. D 55, 1937 (1997).
[25] L. P. Chimento, A. S. Jakubi, V. Me´ndez and R. Maartens, Class. Quantum Grav. 14, 3363
(1997).
[26] V. Sahni, T. D. Saini, A. A. Starobinsky, and U. Alam, JETP. Lett. 77, 201 (2003).
[27] A. Al Mamon and K. Bamba, Eur. Phys. J. C 78, 862 (2018).
[28] U. Alam, V. Sahni, T. D. Saini and A. A. Starobinsky, Mon. Not. R. Astron. Soc. 344, 1057
(2003).
[29] V. Sahni, A. Shafieloo and A. A. Starobinsky, Phys. Rev. D 78, 103502 (2008).
[30] L. P. Chimento, A. S. Jakubi and D. Pavo´n, Class. Quantum Grav. 16, 1625 (1999).
[31] L. P. Chimento, A. S. Jakubi and D. Pavo´n, Int. J. Mod. Phys. D 9, 43 (2000).
[32] J. P. LaSalle, IRE Trans. Circuit Theory CT-7, 520 (1960); J. P. LaSalle, J. Diff. Eqs. 4, 57
(1968).
[33] D. A. Sa´nchez, Ordinary differential equations and stability theory: an introduction, Dover,
20
(1968).
[34] A. A. Coley, R. J. van den Hoogen and R. Maartens, Phys. Rev. D 54, 1393 (1996).
[35] O. F. Piattella, J. C. Fabris and W. Zimdahl, J. Cosmol. Astropart. Phys. 05, 029 (2011).
[36] D. Pavo´n, J. Bafaluy and D. Jou, Class. Quantum Grav. 8, 347 (1991).
[37] V. Folomeev and V. Gurovich, Phys. Lett. B 661(2), 75 (2008).
[38] A. Herna´ndez-Almada, Eur. Phys. J. C 79, 751 (2019).
[39] M. Moresco, L. Pozzetti, A. Cimatti, R. Jimenez, C. Maraston, L. Verde, D. Thomas, A. Citro,
R. Tojeiro and D. Wilkinson, J. Cosmol. Astropart. Phys. 05, 014 (2016).
[40] G. Panotopoulos and A´. Rinco´n, Eur. Phys. J. Plus 134, 354 (2019).
[41] I. Brevik, O. G. Gorbunova and A. V. Timoshkin, Eur. Phys. J. C 51, 179 (2007).
[42] T. Naskar and J. Ward, Phys. Rev. D 76, 063514 (2007).
[43] D. Sa´ez-Go´mez, Gravit. Cosmol. 15, 134 (2009).
21
